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NEW DETERMINATION OF ZONAL HARMONICS 
1 

COEFFICI!3NTS OF THE EARTH'S GRAVITATIONAL POTENTIAL 

bY 
2 Yoshihide Kozai  

Abstract. --From Baker-Nunn observations of nine s a t e l l i t e s ,  wnose incl inat ions 
cover a region between 28" and 95" , t h e  following values were 
derived f o r  t h e  zonal harmonics coeff ic ients  of t h e  earth 's  gravi- 
t a t i o n a l  f i e l d :  

-6 
J = -2.546 X 10 -6 , 

420 3 
= 1082.645 x 10 , 

J2 & 6  

54 = -1.649 x 
*16 

-6 J = -0.210 X 10 . 
125 5 

-6 J~ = -0.270 x i o  , 
450 

-6 0.302 x i o  , 
+35 

Jll= -0.054 x 
*50 J1o= 

r r 

-0.357 x lo-', 
A7 

A3 

512= 

0.179 x '14= 

J = -0.114 x 10-6, 
l3 &4 
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1. Introduction 

I n  a previous paper (Kozai, 1963) I derived a set of values f o r  the 
coefficients of zonal spherical  Garmonics i n  the ear th 's  gravi ta t ional  
po ten t ia l  from the available observations of a r t i f i c i a l  s a t e l l i t e s .  How- 
ever, a t  t h a t  t i m e  I did not give much weight t o  observations of high- 
incl inat ion s a t e l l i t e s  simply because accurate observations f o r  such satel- 
l i t e s  were not available.  

We now have precisely reduced Baker-Nunn observations f o r  some of the 
high-inclination s a t e l l i t e s ,  and I have found t h a t  secular motions of 
ascending nodes of these s a t e l l i t e s  cannot be accurately expressed by my 
previous values of zonal harmonics. Therefore, I had t o  improve my previous 
values by adding observations of the high-inclination s a t e l l i t e s  and higher- 
order harmonics t o  the expression of t h e  e a r t h ' s  potential .  

In  t h i s  paper I have t r i ed  t o  eliminate any accidental  e r r o r s  i n  ob- 
servational data, by using many more observations of a given sa te l l i t e  
than i n  my previous paper . I have used fourteen sets of observations fo r  
1959 a1 and t e n  s e t s  f o r  1959 Ti, i n  contrast  t o  the single set of data 
used f o r  each s a t e l l i t e  previously. Consequently, I believe that  the data 
reported here are more reliable than those i n  the previous paper even f o r  
low-inclination satel l i tes .  Although we s t i l l  lack su f f i c i en t  observations 
f o r  s a t e l l i t e s  w i t h  incl inat ions of between f i f t y  and eighty degrees, t h i s  
gap i n  the data w i l l  probably be f i l l e d  i n  the near future .  

2. Ikthod of reduction 

The observations used i n  t h i s  determination were made by Baker-Nunn 
cameras, and  the first s teps  i n  t h e  reduct'ions were made by Phyllis Stern 
by the Different ia l  Orbit Improvement program, i n  which f i r s t -order  short-  
periodic perturbations due t o  the oblateness of the earth are taken Out. 
The mean o rb i t a l  elements of each s a t e l l i t e  f o r  every two days or four days 
were obtained from observations cavering four or eight  days. Luni-solar 
periodic and solar  radiat ion perturbations i n  the o r b i t a l  elements were then 
computed and subtracted from the mean o r b i t a l  elements. 

To derive secular motions of the ascending node and the perigee and 
amplitudes of long-periodic terms from tnese o r b i t a l  e l emnt s ,  I use data  
covering about one period of revolution of argument of perigee, tha t  is, 
about 80 days f o r  Vanguard s a t e l l i t e s ,  f o r  example. 

Secular accelerations i n  the mean anomaly or the mean longitude, and 
secular decreases i n  the semimajor axis  due t o  air-drag, are then evaluated 
roughly; they can be used t o  compute theore t ica l ly  secular var ia t ion i n  the  
longitude of the ascending no'de, the argument of perigee; and the  eccent r ic i ty  
due t o  tne a i r  drag w i t h  su f f i c i en t  accuracy, by assuming the rate of secular 
decrease of the perigee height.  The computed secular var ia t ions i n  the three 
o r b i t a l  elements are subtracted from the mean elements. 

-2 - 
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After tne  corrections w i t h  long-periodic perturbations due t o  even 
zonal harmonic terms are made, the argument of perigee w, the l O n @ ; i t U d e  
of the ascending node, Q, the incl inat ion i, and the eccent r ic i ty  e are 
expressed by the following simple forms: 

w = u0 + Urt t A cos w, 
W 

n =no + it 4- A cos w, n 

i = i + Ai s i n  w, 0. 

e = e o  + A s i n  0). e 

By the method of l ea s t  squares we can determine the constants appear- 
ing i n  the formulas (1) from a se t  of the corrected o r b i t a l  elements. 
However, when the eccent r ic i ty  i s  very small, say less than 0.02, the cor- 
rected eccent r ic i ty  and the argument of perigee are more accurately expres- 
sed by the following formulas: 

e s i n  w = e O ( l  - a )  s i n  (wo + it) + A ~ ,  

e cos w = e O ( l  + a )  COS ( w o  + 

where a, which is due t o  even-order hamOniCS, can be computed w i t h  approxi- 
mate values of J as n 

2 a = sin2 i {$ (14-15 sin2 i) + 5 ~ ~ ( 6 - 7  s i n  i) 
(3 )  

2 - 10.9375 J6(16-48 sin2 i + 33 sin4 i)/a2}/{16 a J2(4-5 sin2 i)} 

By using the formulas ( 2 )  we can determine e s i n  wo, eo cos wo, Ae 
0 

and a correction t o  an assumed value of & from observations by the method of 
least squares. 

The r e l a t ion  between the anomalistic mean motion n and our semimajor 
axis a i s  given as 

where 

h n2a3 = GM (1 + 7 3J2 (1-e 2 2  ) (1-3 cos2 i)} , 
4P 

(4) 

GM = 3.986032 x lo2' cm3/sec2 , ( 5 )  
2 p = a(1-e ) 

-3 - 



t 

3 .  Data 

a )  1959 Alpha 1--Table 1 l i s t s  fourteen s e t s  of da ta  f o r  t h i s  satel -  
l i t e ,  and t a b l e  2 gives ( 0 - C )  ' s  referred t o  my previous values fo r  Jn. 

The standard deviations for t n e  d a i l y  secular motions c i ~  and Q given 
i n  t a b l e  1 are determined from observations; those i n  t a b l e  2 are computed 
by adding uncertainties which come fromthose i n  eo and io. Weighted mean 

values f o r  t h e  fourteen s e t s  are given a t  t h e  bottom of t h e  t a b l e .  As can 
be seen, the sca t te r ing  of (0-C) 's  i s  much l a rge r  than tha t  expected from 

I t h e  standard deviations assigned t o  t h e  observed values. However, the  

Expressing the mean motion i n  revolutions per day and the semimajor axis  
i n  earth's equator ia l  radii, we can w e  the following number f o r  GM: 

I -4 - 

where I adopt the following value of the equator ia l  radius: 

a = 6378.165 km . (7)  e 

The ea r th ' s  gravi ta t ional  po ten t ia l  i s  expressed w i t h  kgendre 
polynomials as 

n=2 

The secular motions of the node and the perigee and the amplitudes 
of long-periodic terms w i t h  argument w derived from observations are com- 
pared w i t h  those computed from my previous value of Jn (Kozai, 1963), 
namely, 

-6 

-6 
= -2.562 x i o  -6 , 
= -0.064 x 10 , 

J = -0.470 X 10 , 

-6 

-6 ( 9 )  

-6 

J3 

J5 

J9 

= 1082.48 x i o  , J2 

J4 = -1.84 X 10 , 

7 
J6 = 0.39 X 

= 0.117 x i o  . -6 = -0.02 x 10 , J8 

2 
2 O f  course we m u t  include luni-solar  secular  terms and a J term, 

which can be computed w i t n  an approximate value of J 

motions. Therefore, each secular motion and amplitude provides us w i t h  
( 0 - C ) ,  wnich w i l l  make it possible t o  improve values of Jn. 

t o  compute secular  2 



standard deviations assigned t o  the mean values i n  t ab le  2 should be more 
re l iab le ,  and w i l l  be used i n  the determinations of' Jn. 

b)  1959 Eta--Ten s e t s  of data are given i n  tab les  3 and 4 fo r  this  
Vanguard s a t e l l i t e .  However, i t s  orb i ta l  elements are not essent ia l ly  
d i f fe ren t  from those of 1959 a1 and the mean values of (0-C ) i n  table  4 
are  almost ident ica l  W i t h  those i n  table 2, as expected. For the two 
Vanguard s a t e l l i t e s  ( 0 4  ) i n  fi and A are s ign i f icant ly  large.  

W 

c )  1960 Iota  2--Since the eccentr ic i ty  i s  very small f o r  t h i s  rocket 
of Echo I, the formulas ( 2 )  are used i n  the reduction. 
very small fo r  th i s  s a t e l l i t e ,  it i s  necessary t o  take special  care t o  
compute terms w i t h  arguments 2(w + fl - %) and 2(w + 0 - Of) i n  the luni-  
solar  perturbations. 

Since h + h are  

Five sets of data are given i n  tables  5 and 6. For th i s  s a t e l l i t e  
the scat ter ing of ( 0 - C )  fo r  secular motions i s  very large.  
sca t te r ing  f o r  (j, may be par t ly  due t o  the f ac t  t h a t  the radiat ion pressure 
e f fec ts  i n  the argument of perigee are too large t o  handle accurately. 
Also, I suspect t h a t  the anomalistic mean motion cannot be determined w i t h  
suf f ic ien t  accuracy fo r  a s a t e l l i t e  of such small eccentr ic i ty .  This might 
be one reason why we have large discrepancies i n  the secular motions of the 
node. 

The large 

However, ( 0 - C ) ' s  i n  (j,, and A are s t i l l  s ignif icant .  

d )  1961 Nu--For t h i s  s a t e l l i t e  precisely reduced Baker-Nunn observations 
are  not available and observations must be used t h a t  are not precisely reduced. 
However, since the s a t e l l i t e  i s  close t o  the ea r th  and the incl inat ion i s  the 
smallest used i n  th i s  paper, the node and the perigee move rapidly and the 
r e l a t ive  accuracies i n  the determination of the secular motions are f a i r .  

e 

Four s e t s  of data are given i n  tables  7 and 8, which show a wide s c a t t e r  
i n  the values of ( 0 4 )  i n  Ae and Ai. 
take large values. Th i s  s a t e l l i t e  was not used i n  the e a r l i e r  determination 
of Jn; a t  t h a t  t i m e  the smallest inclination was 32"., f o r  1959 al. 

e )  1961 Omicron--There are two separate s a t e l l i t e s  for 1961 0 .  

since they have almost ident ica l  o rb i ta l  elements, they are t rea ted  as one 
s a t e l l i t e  here. The eccent r ic i ty  i s  very small. Since the incl inat ion i s  
ra ther  close t o  the c r i t i c a l  inclination, the argument of perigee moves very 
slowly. Therefore, one s e t  of observations must cover more than 500 days. 
However, as  the mean motion changes rather  rap-idly due t o  a i r  drag, I have 
used one se t  of 400-day observations. 

The residuals  i n  the two secular motions 

However, 

For t h i s  s a t e l l i t e ,  the mean height i s  ra ther  low, about 900 km, and 
the inc l ina t ion  i s  high. Therefore, the object i s  rather  d i f f i c u l t  t o  
observe from the Baker-Nunn s ta t ions due t o  v i s i b i l i t y  conditions, and there  
are many gaps i n  the observations, periods for which accurate o r b i t a l  elements 
are not available.  A s  the Baker-Nunn s ta t ions  are between +35' and -35" i n  
la t i tude ,  the incl inat ion of t h i s  s a t e l l i t e  i s  poorly determined although the 
longitude of the node can be well determined. T h i s  s i tua t ion  i s  contrary t o  
t h a t  of Vanguard s a t e l l i t e s .  

-5 - 



The secular motion of the node i s  determined qui te  accurately,  as 
w e  can see i n  tab le  9. However, we cannot compute theo re t i ca l  values 
of t h e  secular motions s o  accurately as t h e  observed ones, because of 
uncertaint ie?  in the  incl inat ion.  Therefore, t he  standard deviations 
i n  (OX) of n i n  t ab le  10 are large.  But (04)'s i n  b themselves ar- 
qui te  large,  as  w e  can see i n  t ab le  10. 

Jn7 

In the  previous determination of 
accurate o rb i t a l  elements from Eaker-Nunn observations were n o t  available. 

The value of ( 0 - C )  i n  6 f o r  the epoch 4 i s  qui te  d i f fe ren t  from the 
others,  and I suspect t h i s  sca t te r ing  i s  due t o  some accidental  e r ro r s  
i n  io for  the epoch 4, and give small weight t o  th i s  value i n  taking the 
mean. 

For t h i s  s a t e l l i t e  tne rad ia t ion  pressure e f f ec t  i n  the  argument of 
perigee i s  too  large f o r  my program t o  compute it w i t h  enough accuracy. T h i s  
i s  a l so  t rue  f o r  other s a t e l l i t e s  o f  small eccent r ic i ty .  

f )  1961 Alpha Delta 1--This s a t e l l i t e  has a polar o rb i t .  However, as 
the mean height is  qui te  high, we can determine the orb i t  very accurately 
from Baker-Nunn observations. 

T h i s  s a t e l l i t e ,  and the t'hree l i s t e d  i n  tab les  13-17, which were 
launched i n  1962, were not used i n  my previous determination. 

The f i rs t  set of data  i s  determined from 300-day observations, and the 
Second s e t  i s  from 400-day observations, which cover one revolution of argu- 
ment of perigee. 

To cortlpute the solar-perturbations there arise three small divisors ,  
namely, 2(n0 - b) ,  2(& - h .C n ), and 2(c0 - 2& - n). 

(0-C) i n  6 i s  very s igni f icant .  

0 

Tables 11 and 12 show tha t  the eccent r ic i ty  i s  very small and t h a t  

g )  1962 Alpha Epsilon--For t h i s  s a t e l l i t e  three sets of data  are  given 
i n  ta'ale 13. However, observations i n  s e t s  1 and 2 are overlapped widely. 
Since w and -n have near ly  the  same value, 2(w + n) and 2 ( n ~  - 2 w  - h) take 
small values, as f o r  1962 Beta Mu 1. 
pute luni-solar perturbation terms with such arguments. 

Therefore w e  must be carefu l  t o  com- 

All values of ( 0 - C )  i n  t a b l e  14 are s ign i f icant .  

h )  1962 Beta Mu 1 - -Tn i s  i s  a geodetic s a t e l l i t e ,  and although the in-  
c l ina t ion  i s  not very much d i f fe ren t  from t h a t  of 1956 CY€, t he  eccen t r i c i ty  
and the mean motion take qui te  d i f fe ren t  values. 

The mean height of t h i s  s a t e l l i t e  i s  not high enough f o r  t he  Baker-Nunn 
cameras t o  t rack the o3ject over a long a rc .  
determination of the  o r b i t a l  elements i s  not high. 

Therefore t h e  accuracy of 

-6 - 



i) 1962 Beta Upsilon--Unfortunately, precisely reduced Baker-Nunn 
observations are available f o r  t h i s  s a t e l l i t e  only f o r  200 days, during 
which the argument of perigee moves by 240°. Therefore 
a f ac to r  of f ive the standard deviations given i n  t ab le  17 i n  the deter- 
mination of J . 

I w i l l  increase by 

n 

4. Determination of J* 

Table 18 gives f o r  the nine s a t e l l i t e s  the semimajor axes i n  units of 
earth equator ia l  rad i i ,  the inclinations,  the eccentr ic i ty ,  and the area- 
to-mass r a t i o  i n  cgs uni ts .  The same t ab le  a lso gives J 2  terms and lun i -  
so la r  secular terms i n  Cj, and hi (Kozai, 1962; Kozai, 1959). 

2 

A previous paper (Kozai, 1962) gives the formulas used t o  compute 
secular perturbations and amplitudes of long-periodic terms w i t h  argument 
u by including up t o  8th-order harmonics. However, I include up t o  14th- 
order harmonics i n  the present determination, and the additional formulas 
are  given i n  the following: 

. (128 + 230k2 + 6048e4 + 3360e6 + 315e8) 

- 45y045J14 ne(429 - 14,5868~ + 138,567~1~ - 554,2688 6 
2,147,483, 648p1 

+ 1,062,347e8 - 965, 770e1' + 3 3 4 , 3 0 5 ~ ~ ~ )  ( 1024 + 39, 93k2 

+ 274,560e 4 + 549,120e 6 + 360,360e8 + 72,O72e1O + 3003e12) , 

-7- 



3465Jlo 6 8 - n(63 - 3465e2 + 30,03084 - 90,0909 + 109,3959 
8,388,608~ 

4 6 8 - 46,189010).(128 + 1152e2 + 2016e + 840e + 63e ) 

9009512 2 6 
,n n(231 - 18,0186 + 225,2258' - 1,021,0206 

268,435,456~"' 

+ 2,078,50508 - 1,939,9389 

+ 274,560e + 549,120e + 360,360e8 + 72,O72e1O + 3003eI2) 

10 12 + 676,0390 ). ( 1024 + 39,936e2 
(11) 4 6 

4 8 . (1024 t 19,968e2 + 91,520e + 137,280e6 + 72,072e + 12,O12e1O + 429el2), 

6 

j=4 

2 -1 6e = - s i n  i (1-59 ) (le2) I C j  A j  B j  s i n  w , 

6 
-1 2 1  2 

6Q = e 0  Sin i (1-50 )- 1 C . {- s i n 2 i .  D .+ (9-50 )(1-592)'1 A J j  )B cos w , (14) 
J J 

j=4 

6 

j=4 

-8 - 



where 

0 = cos i , 

a )  Even harmonics--Table 18 gives equations of condition t o  determine 
values of J through J14. There are 18 equations w i t h  7 unknowns. 2 

-9 - 
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I Solution 11 ( i n  uni t s  of 10-7) 

The equations can be solved by assigning t o  each a weight reciprocally 
proportional t o  the  standard deviation. Actually, each equation i s  divided 
by i t s  standard deviation, and then normal equations a re  constructed. 
solving the  equations, note t h a t  C(O-C)2  is  3882 (= 18 X 14.7*); t h a t  i s  (0-C) 
is  bigger than the  standard deviatI.on by f ac to r  of 14.7. 
down t o  23 = (18-6) X 1.4 
a f t e r  solving J14, whereas it is  93.5 = (18-5) X 2.7 

Therefore 

cluding J14 is, of course, be t t e r .  

Before 

This value comes 
2 2 a f t e r  solving J12, and t o  13.4 = (18-7) x 1.1 

2 a f t e r  Jl0 i s  solved. 

we can s top either a t  J12 or at  J14, although the  solut ion in -  

In table  19 residuals  based on the solut ions up t o  J14 and JU are given 
-6 under headAngs I and 31, respectively,  i n  units of 10 degrees. Under the  head- 

ing KH, residuals based on King-Hele and Cook’s values (1964) a r e  given ; that is ,  

-b -6 

-6 -6 

-6 -6 

J2 = 1802.70 x 10 , J4 = -1.40 X 10 , 
J6 = 0.37 x 10 , j8 = 0.07 x 10 , 

J = 0.31 x 10 . 12 
J = -0.50 x i o  , 10 

(17) 

In the node equations the residuals  based on my new determinations f o r  
1962 Bu are larger  than the standard deviations.  However ,  since this  datum 
i s  not e n t i r e l y  re l iab le ,  being based on 8 s ingle  determination covering an 
incomplete period of t i m e ,  th i s  may not be a weak point i n  t h i s  determination. 

I n  the perigee equations of 1961 v and 1962 a,€, the residuals  are l a rge r  
than t h e i r  standard deviations.  T h i s  may suggest that we must s t i l l  include 
higher-order terms t o  express these data .  

The two se t s  of solutions derived are the following: 

Solution I ( i n  units of 10-7) 

-10 - 
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b )  Odd harmonics--As shown i n  t a b l e  20, we have 32 equations t o  
A t  f i rs t  C(O-C)2 determine 6 unknown coeff ic ients  of odd harmonics. 

i s  349(= 32 x 3.3 ). 
2 2 This number comes down t o  153(= 28 x 2.3 ) a f t e r  

2 2 J 

and J respectively, are solved. Therefore, the inclusion of J does 

i s  solved, and t o  42(= 27 X 1.25 ) and t o  39(= 26 x 1.23 ) a f t e r  Jll 9 
13’ 13 

not reduce the residuals  too  much. Two se t s  of solutions are derived, 
one up t o  Jll and one up t o  J13; tha t  i s ,  

Solution I ( i n  uni ts  of 10-7) 

Solution 11 ( i n  uni ts  of 10-7) 

Table 20 gives the residuals  based on solutions I and I1 f o r  each datum. 
Residuals i n  the eccen t r i c i t i e s  of 1961 v and 1962 PCL, i n  the perigee of 
1961 u, and i n  the nodes of 1962 a c  and 1962 Bu have much larger  values than 
the standard e r rors .  This may show that  s t i l l  higher-order harmonics are  
s ignif icant  . 

In t h i s  analysis para l lac t ic  terms are  neglected i n  computing lunar per- 
turbations.  However, i n  the para l lac t ic  disturbing function there is  a term, 

where c i s  obliquity, e i s  lunar eccentr ic i ty ,  and w‘ i s  lunar argument of 
perigee. Since w‘  moves slowly, we must include t h i s  term if we t r e a t  ob- 
servations of high-alt i tude s a t e l l i t e s  i n  the future .  

5 .  Results 

The two s e t s  of solutions derived i n  t h i s  paper are the following: 

Solution 1 (un i t s  of 

J = -2.546, 
420 3 J = 1082.645, 

* 6  2 

J = -0.210, 
+25 5 J - -1.649, 

d-6 4 -  

-11- 



. 
J = -0.333, 

*39 7 
J 6  = 0.646, 

+30 

J~ = -0.270, J9 = -0.053, 
*50 4 0  

Jl0 = -0.054, Jll = 0.302, 
*50 *3 5 

JU = -0.357, 
4 4  

J = -0.114, 
13 484 

Solution I1 

J2 = 1082.630, J3 = -2.5591 
I t 5  f l l  

= -0.185, 
*I7 J5 J4 = -1.627, 

+18 

= -0.294 
449 J12 

A. H. Cook (1964) recently derived values of J2,J4 a d  J6 by using high 

sa te l l i t es  only, and his results show remarkable agreement with Soluti.on I. 
The flattening of the reference earth ell ipsoid based on th i s  value Of 

J2 i s  1/298.252. 
assumed t o  be i n  hydrostatic equilibrium is computed as -2.350 X 10 . The 
deviation of the geoid computed on the geopotential based on Solution I is 
expressed as a function of geometric latitude: 

The theoretical value of J for  the reference ell ipsoid 
-6 4 

2 3 4 
h = + 0.8 - 18.3 s in  $ - 87.8 s in  $ - 119.1 s in  $ + 1042.5 s in  $ 

5 6 7 8 

9 10 12 

+ 1191.7 s in  B - 5074.2 s in  B - 3636.7 s in  

+ 5230.8 s in  $ - 16,676.3 s in  

$ + 12,668.0 s in  B 

f~ - 3556.4 sin’’ B + 10,913.0 s in  B 

+ 926.8 sin13 B - 2791.3 sin14 B ( i n  meters) . (24) 
1 shows the value of ll as a function of p based on t h i s  equation. 

The value of geoid height h in  the north pole i s  13.5 meters, which is the 
maximum value, and i s  -24.1 meters i n  the south pole. 

-12- 



4 

. 
In the solutions (22) and ( 2 3 ) ,  the values of Jn do not tend t o  con- 

verge t o  zero as n increases. 
take a very small value. Otherwise the gravi ty  expression, which is  derived 
by d i f f e ren t i a t i% tne potent ia l  w i t h  respect t o  the radius, may give a very 
great difference of grav i t ies  between the equator and the poles and between 
the north and south poles. 

Eowever, i f  n is  large enough, Jn should 

To determine how strong or weak the solutions (22) and (23) are, the 
correlat ion coeff ic ients  i n  my determinations are sham i n  tables  21 and 22. 
The tab les  indicate tha t  these solutions are derived from rather strongly 
correlated equations of condition. 
low and high s a t e l l i t e s  having the same incl inat ion.  

Therefore, i n  the  fu ture  we must use both 

However, t o  determine the o rb i t a l  elements of low s a t e l l i t e s  w i t h  high 
incl inat ions we need observations f rom high la t i tudes .  A s  I mntioned 
e a r l i e r ,  I could not assign a large weight t o  the node equation of 19610 
t o  determine even-order coeff ic ients ,  because the  incl inat ion could 
not be determined w i t h  suf f ic ien t  accuracy. Also, I must mention tha t  I did 
not use s a t e l l i t e s  w i t h  incl inat ions below 2$, between 50° and 670, or  
between 67' and 85' i n  t h i s  determination. 

However, I believe tha t  the present determination i s  much more r e l i ab le  
than the previous one,since the data themselves are more re l iab le ,  both 
because of the number of observations and because I included some s a t e l l i t e s  
t h a t  were not used i n  the previous determination. 

Admuw'Le dglm3nt s 

This work was supported in part  by A s a h i  Academic Fund. Some of the 
computations were made on an IBM-7090 computer a t  the Japan I B M  Co., which 
kindly provided machine t i m e  without charge through the Computing Center 
Of the University of Tokyo. I am grateful  t o  Miss Phyllis  Stern f o r  her 
help i n  the computations. 

-13 - 



Ref e renc e s 

COOK, A. H* 
1964. Paper presented a t  IAU Commission 7 Meeting, Hamburg, 

Augus t o  

KING-HELF:, Do G. and COOK, G. E. 
1964. A paper presented a t  meeting of COSPAR Working Group 1, 

Florence, I t a ly .  

KOZAI, Y o  
1959. 

1962. Astron. J., 67, 446-461. 
1963. 

Smithsonian Astrophysical Observatory, Special  Report 
No. 22, 7 .  

The Use of A r t i f i c i a l  S a t e l l i t e s  f o r  Geodesy, ed. G o  V e i s ,  
305-316 



- I O  

-15 

-20 

-25 

Figure 1.-- Geoid height (h) as a function of georwtric l a t i t ude  (p) .  Solid 
l i n e  shows geoid height i n  northern hemisphere, and broken l i ne  
shows that i n  the southern hemisphere. 
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Table 2. - - ( Q - C )  Referred t o  Kozai's previous constants 

f o r  1959 Alpna 1 

5 
l i  x 10 

1 19" f 170 

2 o f 8  

3 3 * 8  

4 -15 f 11 

5 3 * 6  

6 - 3 * 4  

7 6 f 3  

8 - 5 f 7  

9 l f 5  

10 -4 f 3 

11 O k 3  

12 13 f 3 

13 3 f 3  

14 9 * 2  

6 6 x 10 

-31O f i$ 

49 f 23 

-23 * 23 

-22 f 21 

-42 * 13 

-33 f 10 

3 f 14 

-27 17 

-24 * 16 

-8 f 15 

-4 * 8 

-33 f 7 

-46 f 14 

-48 z t  8 

6 
Ae X 10 

12 f 7 

17 f 5 

18 * 6 

2 f 6  

7 * 4  

0 * 4  

7 * 5  

7 * 3  

-4 f 5 

3 f 2  

-2 f 2 

8 * 3  

5 f 3  

6 f 2  

5 

13" if 

-26 f 18 

-13 f 33 

41 f 16 

-3 f 7 

-31 * 14 

44 * 1 3  

Ai X 10 

24 f 21 

6 * 3 0  

18 f 11 

-20 f 7 

-17 f 7 

-13 f 14 

38 f 12 

4 A X I 0  
9 

Aw X 10 

90" f 40" -9" f 5" 
2 * 23 19 f 7  

33 f 36 -37 f 9 

102 f 29 -23 f 4 

41 f 17 -1 f 3 

12 f 1 2  10 f 3  

12 f10 11 f 6 

98 f 18 -20 f 5 

37 f 13 -14 f 4 

40 f 8 1 f 5  

31 * i o  8 f 2  

51 f 8 -2 f 4 

40 f 14 -36 f 4 

75 * 9 -21 f 3 

4 f 2 -26 f 6 4 - 1 2  -2 f 8 42 f 8 -5 f 5 
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Table 4. --( 0-C) for 1959 E t a  

1 9 O f g  

2 14 & 4  

3 1-7 f 4  
4 9 f 4  

5 8 f 4  

6 26 * 5  

7 10 f 3  

8 -4 r t 3  

9 32 * 20 

10 -5 f 3 

-70" f 31' 

-70 f 13 

-20 f 9 

-62 f 11 

-23 f 14 

-160 f 40 

-70 f 14 

7 f 1 3  

-66 f 24 

-34 f 7 

-9 f 5 

o f 4  

-9 f 4 

-2 f 3 

-1 f 3 

10 f 5 

9 f 2  

3 * 4  

-5 * 2 

15 f 3 

-56' f 30' 50" f 250 0" f t? 

i o  f 20 17 f i o  -9 f 2 

14 f 16 43 f 12 0 f 2  

-21 f 15 37 f 11 3 f 4  

-46 f 14 70 f 18 -8 f 6 

7 f 4  3 2 f 1 5  -4 f 8 

84 f ig 30 f 11 -7 * 6 

0 * 9  4 5 f 7  -15 f 3 

-69. i 11 59 f 11 -3 f 2 

-37 f 13 62 f 4 -14 f 2 

man 7 f 3  -40 f 9 2 * 2  - 4 * g  5 0 * 5  -7 f 2 
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Table 6.- - (O-C) f o r  1960 Iota 2 

4 li, x 10 A x 1 0  x 107 Ai x 10 A x 1 0  
6 

R 

1 670 f 17" -31' f 5" 44 f 14 @ f 11" €? f 3" 

2 134 f 21 -16 f 6 88 f 14 -7 f 11 -2 f 3 

3 75 f 18 -46 f 5 123 f 14 -9 f 10 -10 f 3 

4 22 f 24 -101 f 5 72 f 20 0 * t o  10 f 3  

5 200 f 24 -64 f 4 101 f 11 -38 f 7 4 f 3  

mean 90 f 30 -52 f 15 86 f 13 -9 f 8 2 f 4  
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Table 10.- - (O-C) for 1960 Omicron 

An X 10 4 x 105 6 ri x Ae X 10 

1 50" 23' -1291O f 12O -51 f 3 2" f 19" -P f 3O 
2 54 f 9 -1238 f 13 -35 f 2 -18 f 16 -5 f 2 

3 -2 f 8 -1257 f 10 -46 f 3 -16 f 19 10 f 4 

4 -20 f 11 -1162 f 15 -37 f 2 8 f21 2 f 2  

man 20 f 30 -1262 f 25 -42 f 6 -6 f 13 4 f 8  
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Table 12.--(O-C) f o r  1961 A l p h a  Delta 1 

5 0 x 10 
4 

An X 10 5 Ai X 10 6 
A X 10 

6 
e 

s j  x 10 

1 33O f 11" 68" * 2" 4 f 2  -5 * 7 -7 f 2 

2 -72 * io 63 f 2  21 f 3 18 f 8 7 k 3  
~ ~~~~ ~ 

man -20 f 50 65 f 2  8 f 4  7 f 10 7*7 
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W 

Table 14.--(0-C) for  1962 Alpha Epsilon 

4 
An X 10 4 6 x 10 5 i x 10 Ae X 10 Ai X 10 Aw X 10 6 

1 4y.3 f 1:o -66f 9 38 & 2 8" f 9" -22" -fr 5" 31" f 3' 

2 44.0 f 2.2 -51 f 7 32 f 4 49 f 21 -24 f 9 35 * 3  

3 33.4 f 1.0 -57 f 8 52 f 4 73 f 11 -15 f 9 35 f 3  

mean 42 f 6  -56 * 5 37 20 43 33 -20 f 5 34 - f r3  
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Table 16.--(o-c) for 1962 Beta Mu 1 

5 3, x 10 6 n x 10 

1 271" * 61" 16" f 14" 27 * 2 -470 f 250 1" f 3O 

2 -128 f 55 -69 * 18 19 * 2 -27 * 23 11 f 5 

3 191 f 33 18 * 15 20 f 2 -92 * 17 8 * 4  

mean 1-31 f 1-70 -12 f 30 22 f. 4 -55 f 30 7 f 5  

-31- 



C 
4 

3 
4 

Gd 

.C 

-3 

0 
a, 

0 
.r( 

d 

t! 
0 a w 

3 

4 
X 

C 
4 

-3 
X 

3 
4 

In 

2 
X 

v) 
0 
rl 

X 

2 

v) 
0 
rl 

X 

.C 

L n  

4 
X 

-3 

b 
+I 

% 

"0 

3t 

cu 
+I 

e 

Od 

cu 
$I 

In 

f 

+I 
a3 
rl 

e 
Yo 
r: 
e 

+I 

In 

$I 

-32 - 



' 

rl cu 
0 

n? 
I 

2 

s 
? 

2 

X 

a3 

0 .  

n? 
I 

X 

In 
0 
n? 

0 .  
0 

3 
2 

4; 

4 

0 9 

X 

I n  
v\ 

(r7 
I 

X 

-3 

(u 

\D 
rl 

0 

0 c9 
% 

% 
rl 

rl 
?3 

E 
n 
al 

E- cu 
0 

IA 
Cn 
M 

? 

M 
M 
0 

0 

rl 

rl 
o? 

ch 
rl 

0 

3 
rr) 
l-0 

l-0 

rl 
"? 

rl 
F 
Cn 
Ln 

n 
P 

In 
rl 

0 

f- cu 
rr) 

9 

cu 
C h  
0 
rl 

cu 
IA 

0 

E- 
E- 
cu 
. 

m 
0 
9 

? 
a cu 

a 
rl 
r! 

2 

rl 
v3 
n 
a 

a 
0 

d 

Cn 
rr) 
rl 

? 

2 
c: 
co 

f 
0 

9 

P- 
? 
P 

9 

c9 

rl 

0 

v3 

Ln 

rl 
< 

0 
rl 
v3 
n 
a, 

v3 
0 
0 

% 
0 

0 

f 
rl 
rl 

d 

E- 
c'! 
9 

E 
P 
rl 
0 
0 

% 
In a 

s; 

2 
rl 

?3 
rl 
v3 
n 
% 

a 
0 

0 

k 
(u 
f 

? 

\D co cu 
Q 

f 
f 

0 

rl 

rl 
9 

;t 

0 
c\! 

? 
3 
-3 

cu 
rl 
u? 

$ 
cu 
v3 
n 
M 

k 
0 
0 

Ln 
M cu 
? 

8 
c'! c: 

m 
rl 

0 

a3 

cu 
3 

rl 

0 
9 

r! 

co 
I 4  

rl 
5 cn 
cu 
v3 
n 

r! 

a 
0 
0 

E- m 
cf 

? 

E- cu 
c'! 
? 

In 
f 

0 

a3 

0 
? 

a 
0 
c'! 

u? 
cc 
f 

a 
\o 

rl 

3 
CQ 

cu 
v3 
n 
d 

-33 - 



k2 

H 
H 

a a 
00 cu 

rl 
% 5 
0 

I a3 
5 cn 

i- 
5 

(u 
5 

0 
2 

cu 
rl 

co 
d 

0 
0 

ii 

e 
d 
d r- 

i- 
i- c- r: 
0 m 
Ln 

i- 

cu 2 

v3 
i- 
Ln 

Y 
d r- cu 
ri 

co 
0 
Ln 
-3 

n 
P 

0 
3 
Ln 

e 
m 

0 
m cu 

0 
0 
0 

ii 

4 m 

r- 
P-3 

Ln cu 
i- 
rl 

v) 
d 
m 

cu 
0 
M Y 
i- cu cu 
rl 

v3 co 
v) cu 

M 
L n  r- cu 

u 

0 
3 
M 

0 
W 
\D 
I 

0 
d 

0 
0 
3 
+I 

0 
0 Y 
m cu 
v) 
rl 

m cu 
W r: 
i- cu 
W 
rl 

3 cu 
M 
3 

cn 
rl 
3 
A- 

Ln cn 
a3 
rl 

0 
3 Y 

- 
aJ 

0 
\o cu 

0 
4 

0 
0 
rl 

0 E: 
ii 

0 
0 Y 
Y 

Ln r: 

m 
Ln 
I 

i- 
2 

d 
M 
M 

r- 
M a 

M 
0 
? 

- 
Q 

41 
m 
I 

0 
a3 
rl 

0 
v3 
rl 

0 
v) 

-ti 

0 cu 
3 

cu 
0 Y 
0 
A- 
m 

a3 m 
m 

m 
i- Y 

rl cu 
? 

co 
M 
0 
rl 

Ln 
M co 
ri 

n 
M 

0 
2 
Y 

0 
\D 
rl 

0 
0, 

0, 
0 

rl 

-ti 

0 
rl 
0 
rl 

v) 
3 co 
rl 

v) m 
Ln cu 

0 
v3 
W r: 
Ln 
v) 
0 
"t 

M 
m 
W 
I 

% 
rl 
3 

0 
3 r- cu 

n 
d 

0 
03 
Y 

0 
3 

0 
ri 

0 
Ln m 
+I 

0 
0 
m 

0 

r- 
v) 
rl 

i- co 
M 

c- 
v) 

Y 

ln 
r- r- 

0 cu 
rl 
rl 

0 w 

Y 

0 

W 

+I 

v) 

CIJ 
Ln cu 
L n  
I 

r- 
4 

0 cn r- 

o\ cn 
4 

rl 
0 Y 

Ln 
i- 
L n  cu 

rl 
3 cu 
m 

n 

0 
M 

7- 

rl 

m 

ii 

0 
;t 

$1 
In 

e- 
v) 
rl 

0 
a3 
W 

0 
3 
4 

s' 
v) 

i- c- cu cu 

w cu 
% 

- 
P 

0 w cu 

rl 
I 

-? 

Ln 
d 

ii 

cu 
Ln 
I 

3 cn 
rl 

r- 
": 

0 
a3 t 
W 
rl 
I 

co 
v) 
rl 
rl 

d w cu 

i- 
v3 co Y 
n 
0 

0 r- 
3 

cu 
L n  

m m 

0 
3 
$I 

rl 
m 
rl 

Ln 
Ln 
m 

r- m 
ri r: 
cu 
v) 
rl cu 

2 
rl 
rl 
I 

cu m cn c: 

z 
a3 
v3 

L n  
rl 
v) 
t 
n 
a 

0 
v3 cu 

cu 
rl 

i- 

Ln cu 
$1 

cu 
v) cu r: 
m 
d cu 

c- 
Ln 
v) 

ri 
rl co 

rl 
m 
W 

co 
0 
? 

r- 
m 
0 Y 
0 
i- cu Y 
- 
a, 

Ln 

ri 

0 

cu 
+I 

Ln 
v) 

3 

m 

0 cu 

cu 
i- 

cu 
a3 

Ln 
i- 
d 

i- cn 
rl 

n 
%4 

0 m 

v3 

3 

Ln 

-H 

v) 
Ln 
I 

v) m 

0 
v) 

c- 
0 Y 

9 
v) 

rl 
rl 
Ln 

0 
0 
m 

w 
rl c- r: 
- 

hD 

0 
u3 
Ln 

A- 

0 cu 

0 
rl 
+I 

3 

ac) t- cu 

rl 
3 
"t 

r- 
f 
c;- 
m co 
i- 

t- 
W 
v3 
rl 

co co r: 

3 
M 
rr) 
m 

n 

,e 

Ln 
m 

m 
W 

cu 
W 

0 
i- 

+I 

v3 
Ln r: 
v) 
m 

rl 
rl 

c- 
(? 

m 

co co cu 

b 
v) 

d 
a3 
rl 

r;' 

.d 

-34 - 



k 
0 
VI 

I 

d 
a, 
rl 

El 
% 

-35 - 



Ln 
I 

c;- 

co 

$1 

cu 
A- 

4 cu 
M 
rl 

0 
rl 
Ln cu cu 

0 
0 
0 cu 
-? 

% 
0 

rl 
rl 

0 
0 cu c- 
3 

0 
0 
3 
-3 
\D 

r- 

w 

Ln 

$I 

g 

0 
0 u 
f 
rl 

% u 
o\ 
rl 

0 

o\ 
M 

4 

0 
0 cn 
4 

0 
0 

f 
2 

0 a iK 

\D 
rl 
rl 
I 

rl 
f 
rl 

I 

g 
$I 

f 
rl 
I 

0 

cu % 
Y 

0 
rl 
o\ 
M c- 

0 cu 
rl u 
Y 

0 cu 
M 
I? r: 

5: cn 
Ln 
rl 
rl 

0 
0 

cu 
rl 
I 

i% 

\D 

M 

Ln 

$I 

0 Y 

0 
f 
o\ 
rl 

0 
rl 
M 
rl 

Y 

0 co 
ul 
M 

0 cu 
f 
\D 
M 

0 co co 
t;- 

0 cu 
L- 
0, 

co 

a 

0 
0 
rl 

$I 

f 

0 c- 
M 
Y 

0 co 
o\ 

4 

8 
4 
f 

0 
M cu 
Ln cu 

0 
M 
L n  
M r: 
0 
o\ cu 
rl 

;t 

-? 
0 
rl 

Y 

rl 
1 

Ln 

tl 
In 
I 

0 
M 
M c- 

0 
% 
s' 

0 
0 cu 
rl 

0 
0 
t- 
M 
rl 

0 
0 
t- 
o\ 
I 

0 
0 
M 
Ln 
I 

Y 

rl 

a 

$I 

P;- 

0 
M cu 
t- 

0 
0 co 
4 

0 
0 
M 

z: 
\D 
f 
rl 

0, 

r: 
rl 
rl 

0 
0 
E 

0 

0 

f 

$1 

cu 

2 
Ln 
I 

0 co 
f 

0 
0 
0 
rl 

4 
-? 

0 
o\ 
f r: 

0 cu Y 

cu 

rl 

4 
$1 

f 
rl 

4 
M 
ch 

0 co 
0 
M 

I 

0 e- m 
t;- 

0 cu cu 
rl 
rl 

0 
f cu 
-7 

g 
L n  
M 
I 

c- 

t- 

L- 

$1 

c- 

0 
f 

0 
a3 

5: 
rl 

0 
rl cu 

0 
rl cu 

0 cu 

zt 

f 

Ln 

$1 

c- 

% 
Y 

0 

% 

0 cu co 

0 
v3 
7 

0 
i% r: 

0 
M r: 

-36 - 



I 8 
0 

8 
? 

“9 
3 

0 

cu 
“9 
P 

8 
rl 

3 s 

f- 
2 
? 

a! 
rl 

0 

? 
P 

? 
0 

0 

v) 

? 
? 

9 
0 

d 

i 
tl 

% 2 8  . .  
o y r l  

. .  
? “  

0 0  
“ 9 9  
B r ‘  

0 

d 
9 

-37- 



rl 
d 

kl 

o\ 
kl 

t- 
kl 

ln 
t;, 

M 
t;, 

M 
rl 

t;, 

rl 
f-i 

t;, 

m 
t;, 

P- 
+J 

ln 
t;, 

M 
t;, 

In 
P- 

0 

k? 
? 

M m 
0 

L n  
a3 

? 

8 
rl 

bM 

v3 
"9 
? 

3 
co 
0 

3 
o! 
? 

o! 
a3 

0 

rr) 

0;' 
? 

9 
0 

rl 

cu m 
? 

rl co 
0 

cu m 
? 

0 
0 

rl 

ln 
t;, 

In 
L- 
0 

o\ 
ul 

? 

c9 
UI 

0 

ul 

? 

9 
0 

rl 

0 
0 
rl 

P- 
t;, 

cu 
a3 

9 

v1' 
r- 

0 

cu 
? 
? 

9 
0 

rl 

rl m r l  
t ; , b  

P - c u o  ? e ?  0 y f - i  

L - 0  
c ' r l ?  
y r l  

0 
0 
rl 

-38- 



, 

NOTICE 

This series of Special  Reports was i n s t i t u t e d  under the  supervision 
of Dr.  F. L. n i p p l e ,  Director of the Astrophysical Observatory of t h e  
Smithsonian Ins t i t u t ion ,  shor t ly  af'ter the  launching of t h e  first 
a r t i f i c i a l  ea r th  satellite on October 4, 1957. 
come f r amthe  Staff  of the  Observatory. F i r s t  issued t o  ensure t h e  
immediate dissemination of data for satellite tracking, t h e  Reports have 
continued t o  provide a rapid d is t r ibu t ion  of catalogs of satellite obser- 
vations, o r b i t a l  information, and prel iminary results of data analyses 
p r i o r  t o  formal publication i n  the  appropriate journals. 

Contributions usually 

The Reports a= a l so  used extensively f o r t h e  rapid publication of 
preliminary o r  spec ia l  results i n  other fields of astrophysics. 

Edited and produced under the  supervision of M r .  E. N. Hayes and 
Mrs. Barbara J. Mello, the  reports a r e  indexed by t h e  Science and. Technology 
Division of the  Library of Congress, and are regular ly  d i s t r ibu ted  t o  all 
i n s t i t u t i o n s  par t ic ipa t ing  i n  the  U. S.  space research program and t o  
individual  s c i e n t i s t s  who request them f r o m  the Administrative Off icer  
Technical Information, Smithsonian Astrophysical Observatory, Cambridge, 
Massachusetts 0~38. 


